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Abstract
Isotope shifts of the 2p3/2-2p1/2 transition in B-like ions are evaluated for a wide range of the
nuclear charge number: Z = 8− 92. The calculations of the relativistic nuclear recoil and nuclear
size effects are performed using a large scale configuration-interaction Dirac-Fock-Sturm method.
The corresponding QED corrections are also taken into account. The results of the calculations are
compared with the theoretical values obtained with other methods. The accuracy of the isotope
shifts of the 2p3/2 − 2p1/2 transition in B-like ions is significantly improved.
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I. INTRODUCTION
First measurements to isolate the isotopic variation of nuclear effects in the binding
energies in few-electron highly charged ions were performed in Refs. [1–3]. The most precise
to-date measurements of the isotope shifts were carried out for B-like argon [4] and Li-like
neodymium [5]. These experiments allowed first tests of the relativistic theory of the mass
shift with middle- and high-Z systems for the first time.
From the theoretical side the first evaluation of the isotope shifts in boronlike argon
was performed in Ref. [4, 6]. Later, systematic calculations of the relativistic nuclear recoil
effect were performed by Kozhedub et al. [8], who used a large-scale configuration interaction
Dirac-Fock-Sturm (CI-DFS) method, by Li et al. [9], who employed the multiconfiguration
Dirac-Fock (MCDF) method, and also in our recent work [10], where the perturbation theory
calculations and the CI-DFS method were combined. The CI-DFS and MCDF methods
are simpler in using compared to the perturbative methods, but they show a rather poor
convergence in calculations of the specific mass shift. The results of the calculations of the
relativistic nuclear recoil effect obtained by the CI-DFS method [8] were confirmed by the
perturbative calculations of the interelectronic-interaction corrections to the mass shifts [10].
In Refs. [4–6] it was found that quantum electrodynamics (QED) corrections to the isotope
shifts are of the same order of magnitude as the experimental uncertainties. Therefore,
the high-precision calculations of the isotope shifts have to take into account the QED
corrections.
The main goal of this paper is the high-precision evaluation of the isotope shifts for the
2p3/2−2p1/2 transition in highly charged boronlike ions. Due to the relativistic origin of the
2p3/2−2p1/2 splitting, the study of this transition provides a unique opportunity for tests of
the relativistic and QED nuclear recoil effects in the nonperturbative regime. This is due to
the fact that, in contrast to light atoms, the calculations of highly charged ions have to be
performed to all orders in the parameter αZ (α is the fine structure constant and Z is the
nuclear charge number). It is expected that with new FAIR facilities [7] the experimental
accuracy of the isotope shift measurements with highly charged Li- and B-like ions will be
improved by an order of magnitude. To meet this accuracy, the high-precision calculations
of the relativistic and QED contributions to the isotope shifts must be performed. In our
calculations, along with the main contributions (the relativistic nuclear recoil and the nuclear
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size effect) the related QED corrections are also evaluated. Moreover, the calculations of
the QED corrections to the nuclear size contribution include the screening effects, which for
the 2p3/2 − 2p1/2 splitting in highly charged B-like ions are comparable with the first-order
corrections. The calculations are performed for the nuclear charge number in a wide range:
Z = 8− 92.
The relativistic units (~ = c = 1) are used in the paper.
II. RELATIVISTIC NUCLEAR RECOIL EFFECT
To the lowest order in m/M , the relativistic nuclear recoil (mass shift) Hamiltonian HM
within the Breit approximation is given by [11–14]:
HM =
1
2M
∑
i,k
[
~pi · ~pk −
αZ
ri
[
~αi +
(~αi · ~ri)~ri
ri2
]
· ~pk
]
, (1)
where the indices i and k numerate the atomic electrons, ~p is the momentum operator, ~α
are the Dirac matrices.
The operator (1) can be represented by a sum:
HM = HNMS +HRNMS +HSMS +HRSMS, (2)
where
HNMS =
1
2M
∑
i
~p2i (3)
is the normal mass shift (NMS) operator,
HRNMS = −
1
2M
∑
i
αZ
ri
[
~αi +
(~αi · ~ri)~ri
r2i
]
· ~pi (4)
is the relativistic normal mass shift (RNMS) operator,
HSMS =
1
2M
∑
i 6=k
~pi · ~pk (5)
is the specific mass shift (SMS) operator, and
HRSMS = −
1
2M
∑
i 6=k
αZ
ri
[
~αi +
(~αi · ~ri)~ri
r2i
]
· ~pk (6)
is the relativistic specific mass shift (RSMS) operator.
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In the present paper, we evaluate the relativistic nuclear recoil contribution within the
Breit approximation to all orders in 1/Z. The calculation is carried out by averaging the
operator (2) with the eigenvectors of the Dirac-Coulomb-Breit (DCB) Hamiltonian:
∆E = 〈ψ|HM |ψ〉, (7)
where the wave function |ψ〉 is evaluated using the configuration-interaction Dirac-Fock-
Sturm method [6] for an extended nucleus. Details of the calculations are presented in Sec.
IV. An independent evaluation of the non-QED mass shifts based on the multiconfiguration
Dirac-Fock method was presented in Ref. [15]. For B-like argon the results of this calculation
agree with those from Ref. [6]. In the present paper we extend the calculations of Ref. [6]
to B-like ions in the range Z = 8 − 92. The obtained non-QED results are combined with
the corresponding QED contributions evaluated to the zeroth order in 1/Z to get the most
accurate theoretical data for the mass shifts in highly charged B-like ions.
In Ref. [16], the nuclear size correction to the recoil operator (1) was studied for H-like
ions. It was found that for heavy ions this correction can amount to about 20 % of the total
nuclear size contribution to the recoil effect. We estimate that this correction, combined with
the related QED nuclear size correction, should be within the total uncertainties presented
in this paper.
III. FINITE NUCLEAR SIZE EFFECT
The finite nuclear size effect (the so-called field shift) is caused by the difference in the
nuclear charge distibution of the isotopes. The main contribution to the field shift can be
calculated in the framework of the Dirac-Coulomb-Breit Hamiltonian. The nuclear charge
distribution is usually approximated by the spherically-symmetric Fermi model:
ρ(r, R) =
N
1 + exp[(r − c)/a]
, (8)
where the parameter a is generally fixed to be a = 2.3/(4ln3) fm and the parameters N and
c are determined using the given value of the root-mean-square (rms) nuclear charge radius
R = 〈r2〉1/2 and the normalization condition:
∫
d~rρ(r, R) = 1. The potential induced by the
nuclear charge distribution ρ(r, R) is defined as
VN(r, R) = −4παZ
∞∫
0
dr′r′2ρ(r′, R)
1
r>
, (9)
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where r> = max(r, r
′). Since the finite nuclear size effect is mainly determined by the rms
nuclear charge radius (see, e.g., Ref. [17]), the energy difference between two isotopes can
be approximated as
δEFS = Fδ〈r
2〉, (10)
where F is the field shift factor and δ〈r2〉 is the mean-square charge radius difference. In
accordance with this definition, in the present paper the F -factor is evaluated by
F = 〈ψ |
∑
i
dVN(ri, R)
d〈r2〉
| ψ〉, (11)
where ψ is the wave function of the state under consideration and the index i runs over all
atomic electrons. These calculations, being performed by the CI method in the basis of the
Dirac-Fock-Sturm orbitals, are compared with the corresponding MCDF calculations of Ref.
[15], where the F -factor was approximated by
F =
2π
3
αZ| ψ(0) |2. (12)
In addition, the QED corrections to the field shifts have been evaluated. The calculations
have been performed by perturbation theory including the second-order screening effects in
accordance with the technique presented in Refs. [18, 19].
IV. RESULTS AND DISCUSSION
The nuclear recoil contributions can be represented in terms of the K-factor,
∆E =
K
M
. (13)
Then, the isotope mass shift is determinated by
δEMS =
K
M1
−
K
M2
= −
δM
M1M2
K, (14)
where δM = M1 −M2 is the nuclear mass difference.
To calculate the relativistic nuclear recoil contributions, we use the large-scale
configuration-interaction method with the basis of the Dirac-Fock-Sturm orbitals. The ex-
cited configurations are obtained from the basic configuration via a single, double and triple
excitations of electrons. The accuracy of the calculations is defined by a stability of the
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results with respect to a variation of the basis size. In the present paper we use two different
sets of the electron orbitals. In our notations, the middle basis is the basis which includes
all orbitals with the excitations up to (10s 10p 10d 10f 10g) shells. The large basis includes
the excitations up to (15s 15p 15d 12f 12g 12f).
To estimate the quality of the bases used we have performed the following test. First of
all, we have extracted the contribution of the order 1/Z from the total value of the relativistic
nuclear recoil correction (7) obtained within the CI-DFS calculations. To this end, we have
used the procedure, which was described, for example, in Ref. [10] (see also Refs. [8, 20–22],
where a similar method was applied to separate the interelectronic-interaction contributions
of the different orders in 1/Z). In accordance with this procedure, the DCB Hamiltonian is
represented as a sum of two parts:
H = H0 + λV, (15)
H0 =
∑
i
[
h
(i)
D + V
(i)
scr
]
, (16)
V =
∑
i<j
V (i, j)−
∑
i
V (i)scr , (17)
V (i, j) = VC(i, j) + VB(i, j) =
α
rij
− α
[~αi · ~αj
rij
+
1
2
(~∇i · ~αi)(~∇j · ~αj)rij
]
. (18)
Here H0 is the unperturbed Hamiltonian (hD is the one-electron Dirac Hamiltonian), V
describes the perturbation by the Coulomb and Breit interelectronic interaction, λ is a free
parameter with the physical value equal to 1, and the summation goes over all electrons
of the system. For each electron we have added some local screening potential Vscr to the
unperturbed Hamiltonian H0. To avoid the double counting, the corresponding contribution
has to be subtracted from the interaction part V .
For small λ, the nuclear recoil contribution can be expanded in powers of λ:
EMS(λ) = E
(0)
MS + E
(1)
MSλ+
∞∑
k=2
E
(k)
MSλ
k, (19)
where
E
(k)
MS =
1
k!
dk
dλk
EMS(λ)|λ=0. (20)
It is easy to see that the coefficient E
(1)
MS corresponds to the contribution of the order 1/Z
to the total relativistic nuclear recoil correction (7). Calculating the derivatives we have
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evaluated the first-order corrections to the 2p3/2−2p1/2 transition energies in B-like oxygen,
fluorine, and uranium. The results of the calculations with the middle and large bases are
presented in the first and second columns of Table I, respectively.
On the other hand, the first-order relativistic nuclear recoil correction can be evaluated by
the standard perturbation theory. For a non-degenerate state a the corresponding correction
may be expressed in the following form:
E
(1)
MS = 2
∑
n 6=a
〈a|HM |n〉〈n|V |a〉
εa − εn
. (21)
Since we have introduced the screening potential into the zeroth-order Hamiltonian (16), we
can avoid the quasidegeneracy between 1s22s22p3/2 and 1s
2(2p1/2)
22p3/2 states that takes
place if the pure Coulomb field is employed in the zeroth-order approximation. In the specific
calculations we use the local Dirac-Fock (LDF) screening potential [23].
From Eq. (1) one can see that the relativistic recoil operator HM mixes the states with
the different values of the orbital quantum number l, but l can not differ more than by unity.
All electrons in the states under consideration (1s22s22p1/2 and 1s
22s22p3/2) have l =0 or
l = 1. Therefore, without loss of generality we can restrict the summation over the spectrum
in Eq. (21) to the summation over the s, p and d states. We have performed the calculation
of the relativistic nuclear recoil correction for the 2p3/2−2p1/2 transition energies to the first
order in 1/Z using Eq. (21). For this aim we have employed the extra large basis with the
number of the orbitals doubled: (30s 30p 30d). The results of this calculation are given in
the last column of Table I.
From Table I it is seen that for light ions the contributions of the order 1/Z to the recoil
effect obtained with the middle and large bases differ significantly. It is clear that the middle
basis is not sufficient to perform the calculations for low- and middle-Z ions. At the same
time, the results of the calculations of the first-order correction by the CI-DFS method
with the large basis and by the direct summation over the spectrum within the standard
perturbation theory are in a good agreement with each other. This agreement shows that
the total values EMS obtained in the large basis and the numerical derivatives in Eq. (20) are
evaluated with a good accuracy. Therefore, the final calculations will be performed mainly
with the usage of the large basis.
In Table II the contributions to KNMS, KSMS, KRNMS, and KRSMS for the 2p3/2 − 2p1/2
transition in boron-like ions in the range Z = 8−92 are presented. To find these corrections
7
we have averaged the relativistic nuclear recoil operators (3)-(6) with the CI-DFS functions.
The set of the configuration state functions (CSFs) was obtained using the restricted active
space method with the single and double exitations only. Here, the basis of the virtual
orbitals was chosen in the middle form. Table III demonstrates the role of the triple excita-
tions. Comparing Table II and III, one can see that taking into account the triple excitations
changes the values of KNMS, KSMS, KRNMS, and KRSMS contributions slightly.
Further, in Table IV we present the results of the calculations of the individual contribu-
tions to the total values of the non-QED mass shift, which were obtained with the usage of
the large basis. It should be noted that the direct calculations including the triple excita-
tions turned out to be too time consuming. For this reason, the triple excitation contribution
∆triple was obtained as the difference between the total values KMS from Tables III and II.
This approach to the calculation of the triple excitation contribution was confirmed by the
full CI-DFS calculation for the 2p3/2 − 2p1/2 transition in B-like oxygen (K = −0.0979×10
2
GHz·amu) and in B-like uranium (K = −136.8 ×104 GHz·amu). Generally, our results are
in a reasonable agreement with the results of the MCDF calculations of Ref. [15]. However,
there is some discrepancy for the lightest ions (about 8 % for oxygen and fluorine ions). The
reason for this discrepancy is unclear to us.
Finally, we should take into account the nuclear recoil effects beyond the Breit approx-
imation (the so-called QED nuclear recoil terms). The calculations of the QED terms for
highly charged ions to the zeroth order in 1/Z were performed in Refs. [8, 24–28]. In the
present paper, we have recalculated these corrections and found some misprints in Table 2
of Ref. [24], where the two-electron contributions for the (1s)22p3/2 state were presented.
Namely, the values in the fifth column of that table, which are supposed to be equal to the
sum of the values given in the second, third, and fourth columns, are incorrect. The correct
values are listed in Table V of the present paper. This table displays the total two-electron
mass-shift contributions of the zeroth order in 1/Z, which are expressed in terms of the
function Q(αZ):
∆E = −
m2
M
29
38
(αZ)2Q(αZ). (22)
The calculations are performed for both point and extended nuclei. In the extended nucleus
case, the Fermi model of the nuclear charge distribution was used for Z ≥ 20 and the
model of the homogeneously charged sphere otherwise. The two-electron QED corrections
are obtained by subtracting the corresponding contributions in the Breit approximation.
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In Table VI we present the total values of the mass shifts in the range Z = 8 − 92. The
total values of the non-QED mass shifts are defined according to Table IV. Namely, the non-
QED contributions to the nuclear recoil effect were evaluated with the usage of the CI-DFS
method, taking into account the single, double, and triple excitations. The QED corrections
have been evaluated in the independent-electron approximation. The calculations have been
performed for both the Coulomb potential and the effective potential (the extended Furry
picture). As the effective potential we have used the LDF potential.
The uncertainty was estimated as a quadratic sum of the uncertainty due to the CI-DFS
calculations, the uncertainty obtained by changing the potential from the Coulomb to the
local-Dirac-Fock in the QED contribution of the zeroth order in 1/Z, and the uncertainty due
to uncalculated QED contributions of the first order in 1/Z. The latter one was evaluated
as the QEDCoul contribution of the zeroth order in 1/Z multiplied with a factor 2/Z ( in the
same way as in Ref. [10]). For Z ≥ 60, an uncertainty due to nuclear size corrections to the
recoil operator (including the QED part) has been also added.
To calculate the field shift constants within the Breit approximation we have used the
CI-DFS method. Table VII presents the non-QED F -factor, obtained according to Eq. (11).
In the third column we give the DF results, while the fourth column presents the results of
the CI-DFS calculations, including the Breit electron-interaction correction. The results of
Ref. [15], where the formula (12) was employed, are presented in the last column. It can be
seen that the calculations by formula (12) have a rather poor accuracy for heavy ions. In
case of B-like molybdenum the discrepancy between the results obtained with the equations
(11) and (12) amounts to by about 7 %. Some discrepancy with the results of Ref. [15] for
low-Z ions can be explained by a rather strong cancellation of the significant digits in the
2p3/2 − 2p1/2 energy difference, since in Ref. [15] the F -constants are presented only for the
1s22s22p1/2 and 1s
22s22p3/2 states, and not for the differences. The uncertainty due to the
CI-DFS calculations was estimated as in the mass shift case.
In Fig. 1, we present the normalized FS constant for the 2p3/2 − 2p1/2 transition, which
is determinated as ∆F/F0, where ∆F = F2p3/2 − F2p1/2 and F0 is the field shift factor for
the 2p1/2 state of the corresponding H-like ion, obtained using analytical formulas from Ref.
[29]. In accordance with Ref. [29],
F0 =
γ∆E2p1/2
R2
, (23)
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where
∆E2p1/2 =
Z4α2(n2 − 1)
40n3
[1 + (Zα)f2p1/2(αZ)]
(2ZαR
nλc
)2γ
(24)
and
f2p1/2(Zα) = 1.615 + 4.319(Zα)− 9.152(Zα)
2 + 11.87(Zα)3. (25)
In Fig. 1, the dotted line indicates the results for the H-like ions obtained using Eq. (11), the
dashed line shows the results of the DF calculations using Eq. (11), the dashed-dotted line
stands for the CI-DFS calculations using the approximate formula (12), and the solid line
represents the results of the CI-DFS calculations using Eq. (11). We observe that for low-Z
ions the sign of ∆F becomes positive. This is due to different (1s)2(2s)2 core polarizations by
the 2p3/2 and 2p1/2 states. We note also that this effect is weaker in the CI-DFS calculations
(solid line) in comparison with the DF calculations (dashed line) because of the admixing
of additional configurations to the main configuration.
Table VIII presents the QED corrections to the field-shift F -constant for the 2p1/2 − 2s
and 2p3/2 − 2s transitions in high-Z Li-like ions, and also for the 2p3/2 − 2p1/2 transition in
high-Z B-like ions. The ab initio calculations of the QED corrections to the finite nuclear
size effect have been considered by perturbation theory in the first two orders [18]. In the
case of the 2p3/2 − 2p1/2 transition in B-like ions it turned to be very essential to take into
account the two-electron self-energy and vacuum polarization corrections. The one-electron
finite nuclear size QED corrections for the 2p1/2 and 2p3/2 states are significantly smaller
than the corresponding corrections for the s-states. For this reason, although the screen-
ing contributions are generally suppressed by the factor 1/Z compared to the one-electron
contributions, the interaction with the 1s22s2 core makes the two-electron finite nuclear
size corrections comparable with the contribution of the leading order. Besides, owing to
the strong cancellation between the self-energy and vacuum polarization finite nuclear size
effects on the 2p3/2 − 2p1/2 transition, for high-Z ions it is also important to consider the
contribution from the energy dependence of the interelectronic interaction operator, that is
beyond the Breit approximation.
In our previous work [10] the QED corrections to the field-shift F -constant for the 2p1/2−
2s and 2p3/2 − 2s transitions in Li-like ions were taken into account using the approximate
analytical formulas for H-like ions from Refs. [30, 31]. This was done by multiplying the s-
state QED correction factor ∆s with the total nuclear size contribution to the corresponding
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transition energy. The values of the QED corrections obtained in this way are also presented
in Table VIII. We note that for the 2p3/2 − 2p1/2 transition in high-Z B-like ions the QED
corrections contribute on the level of the total uncertainty of the field-shift F -constants.
In Table IX we present the isotope shift of the 2p3/2−2p1/2 transition in B-like argon with
atomic numbers A=36 and A=40. The values of δ〈r2〉
1/2
are taken from Ref. [32]. The rel-
ativistic nuclear recoil and finite nuclear size effects and the corresponding QED corrections
are taken from Tables VI and VII. The perfect agreement of the present theoretical value
with that of Refs. [4, 6, 15] and with the experiment [4] is observed. A small discrepancy of
the non-QED part between the present work and Ref. [15] is within the uncertainty.
In Table X we present the isotope shifts of the 2p3/2 − 2p1/2 transition in B-like uranium
for two pairs of even-even isotopes, 238U87+ −236 U87+ and 238U87+ −234 U87+. The nuclear
polarization effect was evaluated using the results of Refs. [33–36]. The nuclear deformation
effect was calculated as in Ref. [37], using the experimental [38] and theoretical [39] data
for the nuclear deformation parameters.
V. CONCLUSION
In this paper we have evaluated the isotope shifts of the 2p3/2 − 2p1/2 transition energies
in boron-like ions. The configuration-interaction method in the Dirac-Fock-Sturm basis
was employed to calculate the relativistic nuclear recoil and the finite-nuclear size effects
within the framework of the Dirac-Coulomb-Breit Hamiltonian. The obtained results are
compared with the previous related calculations. The QED nuclear recoil corrections have
been evaluated within the independent-electron approximation. The QED corrections to
the field shift have been calculated by perturbation theory including the self-energy and
vacuum-polarization contributions of the zeroth and first orders in 1/Z. As the results, the
most accurate theoretical predictions for the mass shifts and field shifts of the 2p3/2 − 2p1/2
transition energies in boron-like ions have been obtained.
11
-1.6
-1.4
-1.2
-1
-0.8
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 10  20  30  40  50  60  70  80  90
∆ 
F/
F 0
Z
Figure 1: The normalized F -factor, ∆F/F0, where ∆F = F2p3/2 − F2p1/2 and F0 is the field shift
factor for the 2p1/2 state of the hydrogenlike ion, defined by Eq. (23). The dotted line represents
the results for the H-like ions obtained using Eq.(11), the dashed line shows the results of the DF
calculations using Eq. (11), the dashed-dotted line indicates the CI-DFS calculations using the
approximate formula (12), and the solid line represents the results of the CI-DFS calculations using
Eq.(11).
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Table I: Mass shift contributions in terms of the K-factor (in units of 1000 GHz·amu) evaluated
to the first order in 1/Z for the 2p3/2 − 2p1/2 transition in B-like oxygen, fluorine, and uranium.
The calculations are performed in the middle, large, and extra large bases of the virtual orbitals.
Ion middle (CI-DFS) large (CI-DFS) extra large (PT)
O3+ 0.4644×10−2 0.5564×10−2 0.5560×10−2
F4+ 0.7929×10−2 0.8447×10−2 0.8440×10−2
U87+ 0.2641×102 0.2675×102 0.2674×102
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Table II: Mass shift contributions in terms of the K-factor (in units of 1000 GHz·amu) for
the 2p3/2 − 2p1/2 transition in B-like ions. The calculations are performed in the middle basis
(10s 10p 10d 10f 10g) of the virtual orbitals, accounting only for the single and double excita-
tions.
Ions 〈r2〉
1/2
NMS SMS RNMS RSMS Total
O3+ 2.6991 -0.1996×10−1 0.1737×10−1 0.1887×10−1 -0.2665×10−1 -0.1037×10−1
F4+ 2.8976 -0.3740×10−1 0.3191×10−1 0.3445×10−1 -0.4869×10−1 -0.1973×10−1
Ne5+ 3.0055 -0.6584×10−1 0.5429×10−1 0.5813×10−1 -0.8214×10−1 -0.3557×10−1
Na6+ 2.9936 -0.1070 0.8613×10−1 0.9207×10−1 -0.1301 -0.5891×10−1
Al8+ 3.0610 -0.2443 0.1880 0.2019 -0.2848 -0.1392
P10+ 3.1889 -0.4848 0.3585 0.3893 -0.5479 -0.2850
S11+ 3.2611 -0.6569 0.4769 0.5216 -0.7332 -0.3916
Cl12+ 3.3654 -0.8717 0.6221 0.6855 -0.9622 -0.5263
Ar13+ 3.4028 -0.1136×101 0.7976 0.8859 -0.1241×101 -0.6939
K14+ 3.4349 -0.1457×101 0.1008×101 0.1128×101 -0.1578×101 -0.8995
Ca15+ 3.4776 -0.1843×101 0.1256×101 0.1418×101 -0.1980×101 -0.1148×101
Sc16+ 3.4776 -0.2302×101 0.1549×101 0.1761×101 -0.2455×101 -0.1446×101
Ti17+ 3.5921 -0.2845×101 0.1891×101 0.2166×101 -0.3012×101 -0.1799×101
V18+ 3.6002 -0.3480×101 0.2288×101 0.2638×101 -0.3660×101 -0.2214×101
Cr19+ 3.6452 -0.4218×101 0.2746×101 0.3186×101 -0.4410×101 -0.2696×101
Fe21+ 3.7377 -0.6053×101 0.3878×101 0.4545×101 -0.6260×101 -0.3890×101
Co22+ 3.7875 -0.7174×101 0.4567×101 0.5375×101 -0.7384×101 -0.4616×101
Cu24+ 3.8823 -0.9891×101 0.6244×101 0.7385×101 -0.1009×102 -0.6354×101
Zn25+ 3.9491 -0.1153×102 0.7247×101 0.8591×101 -0.1171×102 -0.7396×101
Kr31+ 4.1835 -0.2622×102 0.1651×102 0.1947×102 -0.2611×102 -0.1635×102
Mo37+ 4.3151 -0.5279×102 0.3401×102 0.3927×102 -0.5193×102 -0.3144×102
Xe49+ 4.7964 -0.1695×103 0.1154×103 0.1280×103 -0.1655×103 -0.9161×102
Nd55+ 4.9123 -0.2813×103 0.1952×103 0.2149×103 -0.2752×103 -0.1463×103
Yb65+ 5.0423 -0.6108×103 0.4295×103 0.4790×103 -0.6011×103 -0.3035×103
Hg75+ 5.4463 -0.1262×104 0.8776×103 0.1023×104 -0.1246×104 -0.6072×103
Bi78+ 5.5211 -0.1562×104 0.1078×104 0.1281×104 -0.1541×104 -0.7447×103
Fr82+ 5.5915 -0.2076×104 0.1411×104 0.1730×104 -0.2042×104 -0.9764×103
Th85+ 5.7848 -0.2570×104 0.1723×104 0.2171×104 -0.2520×104 -0.1195×104
U87+ 5.8571 -0.2966×104 0.1968×104 0.2530×104 -0.2899×104 -0.1368×104
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Table III: Mass shift contributions in terms of the K-factor (in units of 1000 GHz·amu) for
the 2p3/2 − 2p1/2 transition in B-like ions. The calculations are performed in the middle basis
(10s 10p 10d 10f 10g) of the virtual orbitals, accounting for the single, double and triple excita-
tions.
Ions 〈r2〉
1/2
NMS SMS RNMS RSMS Total
O3+ 2.6991 -0.1989×10−1 0.1735×10−1 0.1885×10−1 -0.2662×10−1 -0.1031×10−1
F4+ 2.8976 -0.3781×10−1 0.3206×10−1 0.3448×10−1 -0.4872×10−1 -0.1999×10−1
Ne5+ 3.0055 -0.6580×10−1 0.5431×10−1 0.5809×10−1 -0.8207×10−1 -0.3547×10−1
Na6+ 2.9936 -0.1071 0.8619×10−1 0.9202×10−1 -0.1299 -0.5881×10−1
Al8+ 3.0610 -0.2446 0.1882 0.2018 -0.2846 -0.1391
P10+ 3.1889 -0.4857 0.3591 0.3892 -0.5476 -0.2850
S11+ 3.2611 -0.6582 0.4779 0.5215 -0.7328 -0.3917
Cl12+ 3.3654 -0.8736 0.6234 0.6854 -0.9617 -0.5266
Ar13+ 3.4028 -0.1139×101 0.7993 0.8858 -0.1241×101 -0.6944
K14+ 3.4349 -0.1461×101 0.1010×101 0.1128×101 -0.1577×101 -0.9002
Ca15+ 3.4776 -0.1848×101 0.1259×101 0.1418×101 -0.1979×101 -0.1149×101
Sc16+ 3.4776 -0.2309×101 0.1553×101 0.1762×101 -0.2454×101 -0.1448×101
Ti17+ 3.5921 -0.2853×101 0.1896×101 0.2166×101 -0.3010×101 -0.1802×101
V18+ 3.6002 -0.3490×101 0.2294×101 0.2639×101 -0.3659×101 -0.2217×101
Cr19+ 3.6452 -0.4231×101 0.2753×101 0.3187×101 -0.4409×101 -0.2700×101
Fe21+ 3.7377 -0.6072×101 0.3887×101 0.4547×101 -0.6259×101 -0.3896×101
Co22+ 3.7875 -0.7197×101 0.4578×101 0.5377×101 -0.7382×101 -0.4624×101
Cu24+ 3.8823 -0.9928×101 0.6256×101 0.7390×101 -0.1009×102 -0.6373×102
Zn25+ 3.9491 -0.1156 ×102 0.7265×101 0.8596×101 -0.1171×102 -0.7409×101
Kr31+ 4.1835 -0.2630 ×102 0.1654×102 0.1948×102 -0.2610×102 -0.1638×102
Mo37+ 4.3151 -0.5295×102 0.3406×102 0.3931×102 -0.5193×102 -0.3150×102
Xe49+ 4.7964 -0.1699×103 0.1155×103 0.1281×103 -0.1655×103 -0.9175×102
Nd55+ 4.9123 -0.2818×103 0.1954×103 0.2152×103 -0.2752×103 -0.1465×103
Yb65+ 5.0423 -0.6118×103 0.4296×103 0.4795×103 -0.6011×103 -0.3038×103
Hg75+ 5.4463 -0.1264×104 0.8777×103 0.1024×104 -0.1246×104 -0.6075×103
Bi78+ 5.5211 -0.1564×104 0.1078×104 0.1282×104 -0.1541×104 -0.7450×103
Fr82+ 5.5915 -0.2078×104 0.1411×104 0.1732×104 -0.2042×104 -0.9767×103
Th85+ 5.7848 -0.2572×104 0.1723×104 0.2173×104 -0.2520×104 -0.1196×104
U87+ 5.8571 -0.2969×104 0.1968×104 0.2532×104 -0.2899×104 -0.1368×104
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Table IV: Mass shift contributions in terms of the K-factor (in units of 1000 GHz·amu) for the
2p3/2 − 2p1/2 transition in B-like ions. The calculations are performed using the CI-DFS method
with the large basis (15s 15p 15d 15f 15g 12f 12g 12h) and adding the triple excitation contribu-
tion ∆triple, which was obtained as the difference between the total values of the K-factors from
Tables III and II.
Ions 〈r2〉
1/2
NMS SMS RNMS RSMS Total Total+∆triple C. Naze et al. [15]
O3+ 2.6991 -0.1919×10−1 0.1712×10−1 0.1881×10−1 -0.2659×10−1 -0.0985×10−1 -0.0979×10−1 -0.0913×10−1
F4+ 2.8976 -0.3694×10−1 0.3180×10−1 0.3443×10−1 -0.4867×10−1 -0.1939×10−1 -0.1965×10−1 -0.2130×10−1
Ne5+ 3.0055 -0.6472×10−1 0.5403×10−1 0.5802×10−1 -0.8202×10−1 -0.3468×10−1 -0.3458×10−1 -0.3411×10−1
Na6+ 2.9936 -0.1057 0.8588×10−1 0.9194×10−1 -0.1299 -0.5779×10−1 -0.5769×10−1 -0.5687×10−1
Al8+ 3.0610 -0.2424 0.1878 0.2017 -0.2845 -0.1375 -0.1374 -0.1396
P10+ 3.1889 -0.4822 0.3584 0.3891 -0.5477 -0.2825 -0.2825 -0.2811
S11+ 3.2611 -0.6540 0.4770 0.5213 -0.7329 -0.3886 -0.3887 -0.3872
Cl12+ 3.3654 -0.8683 0.6222 0.6852 -0.9618 -0.5227 -0.5230 -0.5251
Ar13+ 3.4028 -0.1132×101 0.7976 0.8855 -0.1241×101 -0.6900 -0.6905 -0.6888
K14+ 3.4349 -0.1453×101 0.1008×101 0.1128×101 -0.1578×101 -0.8946 -0.8953 -0.8940
Ca15+ 3.4776 -0.1838×101 0.1257×101 0.1417×101 -0.1979×101 -0.1143×101 -0.1144×101 -0.1143×101
Sc16+ 3.4776 -0.2297×101 0.1550×101 0.1761×101 -0.2454×101 -0.1440 ×101 -0.1442×101 -0.1441×101
Ti17+ 3.5921 -0.2838×101 0.1892×101 0.2165×101 -0.3011×101 -0.1792×101 -0.1795×101 -0.1795×101
V18+ 3.6002 -0.3472×101 0.2289×101 0.2637×101 -0.3659×101 -0.2205×101 -0.2208×101 -0.2210×101
Cr19+ 3.6452 -0.4210×101 0.2748×101 0.3185×101 -0.4410×101 -0.2686×101 -0.2690×101 -0.2694×101
Fe21+ 3.7377 -0.6042×101 0.3880×101 0.4544×101 -0.6259×101 -0.3878×101 -0.3884×101 -0.3895×101
Co22+ 3.7875 -0.7163×101 0.4570×101 0.5373×101 -0.7383×101 -0.4602×101 -0.4609×101 -0.4626×101
Cu24+ 3.8823 -0.9882×101 0.6245×101 0.7384×101 -0.1009×101 -0.6344×101 -0.6363×101 -0.6385×101
Zn25+ 3.9491 -0.1151×102 0.7252×101 0.8589×101 -0.1171×102 -0.7376×101 -0.7389×101 -0.7429×101
Kr31+ 4.1835 -0.2619×102 0.1651×102 0.1946×102 -0.2610×102 -0.1632×102 -0.1635×102 -0.1649×102
Mo37+ 4.3151 -0.5275×102 0.3402×102 0.3926×102 -0.5193×102 -0.3139×102 -0.3145×102 -0.3180×102
Xe49+ 4.7964 -0.1694×103 0.1155×103 0.1279×103 -0.1655×103 -0.9151×102 -0.9165×102 -
Nd55+ 4.9123 -0.2811×103 0.1953×103 0.2148×103 -0.2752×103 -0.1462×103 -0.1464×103 -
Yb65+ 5.0423 -0.6106×103 0.4295×103 0.4788×103 -0.6011×103 -0.3033×103 -0.3036×103 -
Hg75+ 5.4463 -0.1262×104 0.8776×103 0.1023×104 -0.1246×104 -0.6069×103 -0.6071×103 -
Bi78+ 5.5211 -0.1562×104 0.1078×104 0.1281×104 -0.1541×104 -0.7444×103 -0.7447×103 -
Fr82+ 5.5915 -0.2075×104 0.1411×104 0.1730×104 -0.2042×104 -0.9761×103 -0.9764×103 -
Th85+ 5.7848 -0.2569×104 0.1723×104 0.2170×104 -0.2520×104 -0.1195 ×104 -0.1196×104 -
U87+ 5.8571 -0.2965×104 0.1968×104 0.2529×104 -0.2899×104 -0.1368×104 -0.1368×104 -
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Table V: The results of the numerical calculations of the two-electron nuclear recoil contribution for
the (1s)22p1/2 and (1s)
22p3/2 states of lithiumlike ions, expressed in terms of the function Q(αZ)
defined by equation (22).
(1s)22p1/2 (1s)
22p3/2
Ion point nucleus extended nucleus point nucleus extended nucleus
8 0.99834 0.99834 0.99879 0.99879
9 0.99790 0.99790 0.99847 0.99847
10 0.99741 0.99741 0.99811 0.99811
11 0.99686 0.99686 0.99771 0.99771
13 0.99561 0.99561 0.99681 0.99681
15 0.99416 0.99416 0.99576 0.99576
16 0.99335 0.99335 0.99517 0.99517
17 0.99249 0.99249 0.99455 0.99456
18 0.99158 0.99158 0.99389 0.99390
19 0.99061 0.99061 0.99321 0.99321
20 0.98959 0.98960 0.99248 0.99248
21 0.98852 0.98852 0.99171 0.99172
22 0.98740 0.98740 0.99091 0.99092
23 0.98622 0.98622 0.99008 0.99008
24 0.98499 0.98499 0.98921 0.98921
26 0.98236 0.98236 0.98736 0.98736
28 0.97951 0.97952 0.98536 0.98537
29 0.97801 0.97801 0.98432 0.98432
30 0.97645 0.97645 0.98323 0.98324
36 0.96592 0.96593 0.97603 0.97603
40 0.95776 0.95776 0.97056 0.97057
42 0.95332 0.95333 0.96763 0.96764
54 0.92149 0.92152 0.94742 0.94746
60 0.90195 0.90198 0.93567 0.93574
70 0.86320 0.86327 0.91367 0.91384
80 0.81529 0.81541 0.88839 0.88879
83 0.79879 0.79893 0.88008 0.88059
87 0.77501 0.77518 0.86838 0.86913
90 0.75570 0.75590 0.85908 0.86007
92 0.74206 0.74229 0.85261 0.85380
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Table VI: Total mass shifts in terms of the K-factor (in units of 1000 GHz·amu and in units of
eV·amu) for the 2p3/2−2p1/2 transition in B-like ions. The QED corrections have been evaluated for
the Coulomb (QEDCoul) potential and for the effective (QEDLDF) potential, which partly accounts
for the screening effects.
Ion 〈r2〉
1/2
Total non-QED MS QEDCoul QEDLDF Total MS with QED
1000 GHz·amu eV·amu
O3+ 2.6991 -9.79×10−3 0.08×10−3 0.03×10−3 -9.76(33)×10−3 -0.0404(14)×10−3
F4+ 2.8976 -1.96×10−2 0.02×10−2 0.01×10−2 -1.96(8)×10−2 -0.0081(3)×10−2
Ne5+ 3.0055 -3.468×10−2 0.031×10−2 0.013×10−2 -3.45(3)×10−2 -0.01425(12)×10−2
Na6+ 2.9936 -5.77×10−2 0.06×10−2 0.03×10−2 -5.74(3)×10−2 -0.02375(13)×10−2
Al8+ 3.0610 -1.375×10−1 0.015×10−1 0.008×10−1 -1.366(8)×10−1 -0.00565(3)×10−1
P10+ 3.1889 -2.825×10−1 0.034×10−1 0.020×10−1 -2.805(18)×10−1 -0.01160(8)×10−1
S11+ 3.2847 -3.889×10−1 0.050×10−1 0.030×10−1 -3.857(21)×10−1 -0.01595(9)×10−1
Cl12+ 3.3840 -5.227×10−1 0.071×10−1 0.044×10−1 -5.186(28)×10−1 -0.02145(12)×10−1
Ar13+ 3.4028 -6.90×10−1 0.10×10−1 0.06×10−1 -6.84(4)×10−1 -0.02829(15)×10−1
K14+ 3.4349 -8.95×10−1 0.14×10−1 0.09×10−1 -8.86(5)×10−1 -0.0367(2)×10−1
Ca15+ 3.4776 -1.144 0.018 0.012 -1.131(6) -0.00468(3)
Sc16+ 3.5459 -1.441 0.025 0.017 -1.424(9) -0.00589(3)
Ti17+ 3.5921 -1.794 0.032 0.023 -1.771(11) -0.00732(4)
V18+ 3.6002 -2.208 0.042 0.030 -2.178(13) -0.00901(6)
Cr19+ 3.6452 -2.690 0.054 0.039 -2.650(17) -0.01096(7)
Fe21+ 3.7377 -3.884 0.086 0.065 -3.819(25) -0.01579(10)
Co22+ 3.7875 -4.61 0.13 0.11 -4.51(3) -0.01864(14)
Cu24+ 3.9022 -6.36 0.16 0.13 -6.24(5) -0.0258(2)
Zn25+ 3.9491 -7.39 0.20 0.15 -7.23(5) -0.0299(2)
Kr31+ 4.1835 -1.635×101 0.058×101 0.048×101 -1.587(12)×101 -0.00656(5)×101
Mo37+ 4.3151 -3.145×101 0.145×101 0.124×101 -3.021(25)×101 -0.01250(10)×101
Xe49+ 4.7964 -9.16×101 0.65×101 0.58×101 -8.59(8)×101 -0.0355(3)×101
Nd55+ 4.9123 -1.464×102 0.121×102 0.109×102 -1.354(13)×102 -0.00560(5)×102
Yb65+ 5.3215 -3.036×102 0.030×103 0.028×103 -2.757(26)×102 -0.01140(11)×102
Hg75+ 5.4463 -0.607×103 0.064×103 0.061×103 -0.547(4)×103 -0.00226(2)×103
Bi78+ 5.5211 -0.745×103 0.078×103 0.074×103 -0.671(5)×103 -0.00277(2)×103
Fr82+ 5.5915 -0.976×103 0.098×103 0.094×103 -0.883(6)×103 -0.00365(2)×103
Th85+ 5.7848 -1.195×103 0.112×103 0.109×103 -1.086(8)×103 -0.00449(3)×103
U87+ 5.8571 -1.368×103 0.121×103 0.118×103 -1.250(12)×103 -0.00517(5)×103
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Table VII: Field shifts in terms of the F -factor (in MHz/fm2 and in meV/fm2) for the 2p3/2−2p1/2
transition in B-like ions.
Ion 〈r2〉
1/2
DF CI-DFS+Breit C. Naze et al. [15]
MHz/fm2 meV/fm2 MHz/fm2
O3+ 2.6991 0.133 0.446(50)×10−1 0.184(2)×10−6 0.5×10−1
F4+ 2.8976 0.214 -0.302(40)×10−2 -0.125(16)×10−7 0
Ne5+ 3.0055 0.294 -0.197(25)×100 -0.81(10)×10−6 -0.22
Na6+ 2.9936 0.322 -0.703(88)×100 -0.291(36)×10−5 -0.75
Al8+ 3.1224 -0.131 -0.389(45)×101 -0.161(19)×10−4 -0.407×101
P10+ 3.1889 -0.247×101 -0.138(15)×102 -0.57(6)×10−4 -0.144×102
S11+ 3.2847 -0.512×101 -0.238(25)×102 -0.98(10)×10−4 -0.248×102
Cl12+ 3.3840 -0.942×101 -0.390(40)×102 -1.61(17)×10−4 -0.406×102
Ar13+ 3.4028 -0.160×102 -0.617(50)×102 -2.55(21)×10−3 -0.641×102
K14+ 3.4349 -0.258×102 -0.945(70)×102 -0.39(29)×10−3 -0.982×102
Ca15+ 3.4776 -0.400×102 -0.141(10)×103 -0.58(4)×10−3 -0.1463×103
Sc16+ 3.5459 -0.599×102 -0.205(14)×103 -0.85(6)×10−3 -0.2126×103
Ti17+ 3.5921 -0.873×102 -0.292(18)×103 -1.21(7)×10−3 -0.3028×103
V18+ 3.6002 -0.124×103 -0.408(21)×103 -1.69(9)×10−3 -0.423×103
Cr19+ 3.6452 -0.174×103 -0.561(25)×103 -2.32(10)×10−3 -0.582×103
Fe21+ 3.7377 -0.324×103 -0.101(4)×104 -4.18(16)×10−3 -0.1051×103
Co22+ 3.7875 -0.433×103 -0.133(5)×104 -5.50(21)×10−3 -0.1385×104
Cu24+ 3.9022 -0.747×103 -0.223(6)×104 -9.22(25)×10−3 -0.2326×104
Zn25+ 3.9491 -0.967×103 -0.285(6)×104 -1.18(26)×10−2 -0.2969×104
Kr31+ 4.1835 -0.387×104 -0.103(2)×105 -0.426(8)×10−1 -0.1076×105
Mo37+ 4.3151 -0.127×105 -0.300(5)×105 -1.241(21)×10−1 -0.316×105
Xe49+ 4.7964 -0.967×105 -0.176(3)×106 -7.28(12)×10−1 -
Nd55+ 4.9123 -0.240×106 -0.388(5)×106 -1.605(21) -
Yb65+ 5.3215 -0.996×106 -0.137(2)×107 -5.67(8) -
Hg75+ 5.4463 -0.380×107 -0.468(6)×107 -1.935(25)×101 -
Bi78+ 5.5211 -0.564×107 -0.678(9)×107 -2.804(36)×101 -
Fr82+ 5.5915 -0.958×107 -0.112(2)×108 -4.63(6)×101 -
Th85+ 5.7848 -0.140×108 -0.160(2)×108 -6.62(9)×101 -
U87+ 5.8571 -0.182×108 -0.206(3)×108 -8.52(11)×101 -
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Table VIII: QED corrections to the field-shift in terms of the F -factor (in MHz/fm2) for the
2p3/2−2s and 2p1/2−2s transitions in high-Z Li-like ions, and also for the 2p3/2−2p1/2 transition
in high-Z B-like ions.
2p1/2 − 2s 2p3/2 − 2s 2p3/2 − 2p1/2
Ion this work Ref. [10] this work Ref. [10] this work
Bi78+ 0.0439(35)×107 0.039(11)×107 0.0448(36)×107 0.051(14)×107 0.0063(21)×106
Fr82+ 0.0645(50)×107 0.056(18) ×107 0.0659(53)×107 0.078(25)×107 0.0112(32)×106
Th85+ 0.0853(68)×107 0.073(25)×107 0.0876(70)×107 0.107(34)×107 0.0173(40)×106
U87+ 0.1026(82)×107 0.087(30)×107 0.1055(85)×107 0.132(43)×107 0.0230(45)×106
Table IX: Individual contributions to the isotope shift for the 2p3/2 − 2p1/2 transition in B-like
40,36Ar13+ (in cm−1) with given values of δ〈r2〉=0.251 fm2 [32].
Main contributions
Field shift -0.0005
Mass shift 0.0640
FS plus MS (this work) 0.0635
FS plus MS (I. I. Tupitsyn et al. [6]) 0.0635
FS plus MS (C. Naze et al. [15])) 0.0633
QEDLDF
Mass shift (this work) -0.0006
Mass shift (R. Soria Orts et al. [4]) -0.0006
Total IS theory (this work) a 0.0629(3)
Total IS theory (R. Soria Orts et al. [4]) 0.0629
Total IS experiment (R. Soria Orts et al. [4]) 0.0629
aThe uncertainty of δ〈r2〉 is not included.
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Table X: Individual contributions to the isotope shifts for the 2p3/2 − 2p1/2 transition in B-like
238,236U87+, 238,234U87+ (in meV) with given values of δ〈r2〉. The values of δ〈r2〉 are taken from
Ref. [32].
238,236U87+ 238,234U87+
238,236δ〈r2〉=0.1676 fm2 238,234δ〈r2〉=0.334 fm2
Main contributions
Field shift -14.26 -28.41
Mass shift 0.20 0.41
QED
Field shift 0.02 0.03
Mass shift -0.07 -0.14
Nuclear polarization 0.16 0.30
Nuclear deformation -0.1 -0.2
Total IS theory (this work) a -14.1(4) -28.0(5)
aThe uncertainty of δ〈r2〉 is not included.
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